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In this paper, we present a technique for generating solution adaptive meshes that uses feature-aligned surfaces

embedded in the computational domain. A feature-detection algorithm is first employed to identify features of

interest. Surfaces associated with these features are then meshed, and a volume mesh that respects these embedded

surface meshes is then generated. This approach is promising because it provides a mechanism for controlling local

grid quality as well as automatically aligning cell faces with the feature. For flows that include topologically and/or

geometrically complex features, we describe a mesh refinement technique that can be used in tandem with the

embedded surface meshes to provide a mechanism for refining throughout the computational domain. We include

results from two cases to illustrate how the method works.

I. Introduction

M ESH adaptation has long been a subject of interest in
computational fluid dynamics (CFD). Mesh adaptation

methods can be categorized into three approaches: mesh redistri-
bution, in which nodes are repositioned; mesh refinement/derefine-
ment, in which nodes are added or removed, respectively; and the
combination of both [1,2]. Although the mesh redistribution is the
natural choice for structured meshes, Amato et al. [3] attempted
refinement by generating a mesh with different spacings in each
subblock based on the strengths of selected features. For tetrahedral
and hybrid meshes, both redistribution [4–8] and refinement [9–16]
approaches have been explored with different levels of success.

There are a couple of issues that need to be addressed in mesh
adaptation. The first issue is the ability to produce anisotropic sim-
plicial meshes (triangular meshes in two dimensions and tetrahedral
meshes in three dimensions) for easy implementation. It may seem
counterintuitive, as the common wisdom is that elements should not
have angles that are too small or too large.Anisotropic adaptation can
produce highly skewed elements that would be considered to be of
“poor” quality. However, as mentioned by Laflin and McRae [17],
mesh quality should not be restricted to only geometricmeasures, but
should also consider the error associated with the solution. As
demonstrated by Yang and Soni [5,18] and Yang and Lie [19], for
example, impressive solutions were produced on extremely skewed
adaptive meshes. However, skewed elements can cause a stiffness
problems in some flow solvers. In addition, Mavriplis reported that

spanwise grid stretching, which is widely used in aircraft CFD
simulations, may have substantial repercussions on overall simula-
tion accuracy even at very high levels of resolution [20]. Highly
stretched elements from mesh adaptation may cause the same
problem. Therefore, amesh adaptation strategy that does not produce
highly skewed elements would seem to be a better choice.

The second issue concerns the additional computational cost
induced by the adaptation. For redistribution schemes, the original
nodes are moved according to some error function; thus, the same
number of points are maintained. The computational overheads
induced during each adaptation cycle are the one-time costs for mesh
adaptation, interpolation of the solution from the original mesh to the
new adapted mesh, and the extra iterations required to overcome the
convergence spikes after the interpolation. In contrast, for most
refinement approaches, even those with a derefinement capability,
the overall mesh size tends to increase significantly. This induces
considerable computational cost in each iteration of the computation
on top of those experienced by the redistribution algorithms.

To overcome these issues, we have developed a method for
generating solution adaptive meshes with embedded surfaces
aligned with flow features [21]. This approach is advantageous
because it provides more control over volume mesh density around
the features. Because prisms or hexahedra can be placed around the
features, no highly skewed elements are generated. Another
advantage is that mesh faces aligned with the features can improve
the resolution of the features for Riemann-based flow solvers. The
primary disadvantage of this approach is that, for some geometrically
and/or topologically complex features, it may not be possible to
generate a quality embedded surfacemesh or a volumemesh. In these
cases, we propose to employ the isotropic refinement technique
described by Senguttuvan et al. [9] and Chalasani et al. [10] to
perform solution adaptive mesh refinement. Our approach is
illustrated schematically in Fig. 1.

This paper describes the algorithms employed to identify the
shock (Sec. II.A) and vortex (Sec. II.B) features, a three-dimensional
mesh adaptation approach that combines a regeneration algorithm
using embedded surfaces [21] and an isotropic mesh refinement
algorithm [9,10]. Volumemesh generation is performed that respects
the embedded feature surfaces (Sec. III). The resulting meshes are
then refined around geometrically and/or topologically complex
features using a mesh refinement strategy that exploits general
elements to limit refinement propagation (Sec. IV). To demonstrate
the method, we consider two cases (Sec. V). The first case, a wing tip
vortex from aNACA0012wing, is topologically simple and does not
require additional mesh refinement. The second case, the high-speed
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flow past a notional crew return vehicle in proximity to a booster,
does require additional mesh refinement.

II. Feature Detection for Surface Embedding

The first step in the process is to detect the feature of interest in the
flowfield. In the two problems we consider here, we want to employ
embedded surface meshes to represent vortices and shock waves,
respectively. The approaches taken to identify the embedded feature
surfaces are briefly described in this section.

A. Shocks

Shocks can be detected using any one of several techniques [22].
Shock detection algorithms rely on two observations: 1) the Mach
number normal to a stationary shock has a value of at least 1 just
before the shock, and 2) the pressure gradient is normal to the shock.
A normalized directional Mach number is defined as follows:

Mn �
V

a
� rpjrpj (1)

where a, V, and rp denote the speed of sound, velocity vector, and
pressure gradient, respectively. Therefore, the isosurfaces atMn � 1
surround the shock features. However, the thickness of the detected
shocks depends on the coarseness of themesh or, more precisely, it is
a linear function of element size [22]. To cluster nodes around the
shocks, constant-size smaller elements can be placed inside the
region specified by the isosurfaces of Mn � 1. However, this ap-
proach wastes computational resources when the initial mesh is
coarse. Therefore, we use either the medial axis or part of the iso-
surface as the feature-aligned surface to cluster nodes around a shock
more efficiently [21]. Because each medial axis or isosurface can be
represented as a single surface, we can easily generate anisotropic,
nonsimplex elements (i.e., prisms and hexahedra) if desired.

B. Vortices

Vortices are detected using the approach described by Jankun-
Kelly et al. [23,24] Their technique employs a predictor-corrector
algorithm to extract the location of a vortex core line from a specified
scalar field. The predictor-corrector algorithm exploits the fact that,
for certain scalar fields, a vortex core line coincides with a line-type
extremum in the field variable. Subcell resolution of the vortex core
line position is achieved by assuming a conical variation of the scalar
field in the region near the core line. The position of the apex of the
cone is determined based on a least-squares fitting of surrounding
data. For the results included here, the scalar field we used was the
swirl parameter [25], which is based on the eigenvalues of the
velocity gradient tensor. Other scalar fields that have extreme values
along the vortex core line may also be used.

Once the core line is extracted, the extent of the vortex is
computed. Unfortunately, the extent of a vortex is an ambiguous
concept. We employ the procedure outlined by Garth et al. [26], who

computed a two-dimensional extent in the plane containing the
swirling motion by determining a set of radial positions at which the
tangential velocity is a maximum. This set of radial positions forms a
closed curve in the swirl plane. A surface is developed by lofting
between each of the two-dimensional extent curves. A sample extent
surface is shown in Fig. 2. The extent surface is an appropriate choice
for our surface embedding approach because it defines a region in
which the tangential velocity has high curvature and therefore needs
to be well resolved.

III. Mesh Generation with Embedded Surfaces

To create a triangulated surface mesh on each of the embedded
surfaces, a direct advancing front method is used [27,28]. A discrete
model described using the stereolithography format is used as a
background mesh upon which a new surface mesh suitable for
computational simulations is created. The embedded surfaces dis-
cussed in Sec. II are easily represented as discrete entities. Geo-
metrical features are extracted based on a folding angle at each edge.
The user specifies the node distributions on the geometrical features.
They form an initial front for the advancing front algorithm, so that
the user can control the mesh density easily. Surface triangulation is
performed in the physical three-dimensional space to ensure the
quality of triangles.

Tetrahedral or hybrid meshes are created automatically from the
surface meshes based on a few user-specified parameters [29,30].
The proximity of an embedded surface may prevent the growth of a
near-field mesh around a model. For example, the extent surface for
thewing tip vortex shown in Fig. 2may be too close to thewing. This
situation results in the poor transition of neighboring elements,
which may cause divergence in solution. To prevent this, the mesh
generation is organized as follows:

1) Create an initial volume mesh and obtain a solution.
2) Extract solution features as discrete surfaces.
3) Refine the embedded surfaces and the initial surface mesh if the

embedded surface is in close proximity to the surface mesh and if
there is a significant disparity in element size. Create a near-field
mesh around the model if a viscous flow simulation is needed.

4) Remove nodes on the embedded surfaces automatically if they
are in the near-field mesh or if they are close to the top of the near-
field mesh. The closeness is determined based on the maximum
length of the connecting edges at each node on the top of the near-
field mesh.

5) Create a near-field mesh around the trimmed embedded sur-
faces if needed.

6) Create tetrahedral elements to fill the rest of the domain.
The benefits inherent to this approach are that 1) high-quality

meshes can be created, and 2) the user can control the size of themesh
easily.

IV. Mesh Refinement

In some cases, the geometry or topology of a feature may preclude
generating a mesh with an embedded surface. We employ isotropic
mesh refinement for these features. We have previously presented a
mesh refinement strategy that provides isotropic refinement of any
element type [9,10]. We call this a face-based approach because it is
the refinement of the faces that determines how the cells are refined.

Fig. 1 Outline of the solution adaptive mesh generation process.

Fig. 2 Detected core line and extent surface for a wing tip vortex. The

extent surface is colored by local tangential velocity to illustrate that it is
not an isosurface. We use the extent surface as the embedded surface for

the solution adaptive mesh generation.
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An n-sided face is subdivided into n four-sided faces by inserting a
new vertex at the centroid of the face and connecting it to the
midpoint of each edge. These newly created edges form faces that
divide the interior of the cell. However, as it is purely a refinement
strategy, this approach does not facilitate the alignment of cell faces
with flow features.

Our refinement strategy can be thought of as analogous to
refinement for a Cartesian mesh. Consider two adjacent quadri-
laterals in a two-dimensional Cartesian mesh. One of the cells is
selected for refinement and the other is not. Rather than subdividing
the adjacent cell, the “hanging” node effectively produces a cell with
five edges. This suggests a strategywhereby other element typesmay
be subdivided in a similar manner, thereby converting neighboring
elements into general elements. A step-by-step procedure follows for
the refinement of any type of element:

1) A criterion is applied to determine if a cell should be sub-
divided.A cell is alsomarked for subdivision if a neighboring cell has
two or more additional levels of subdivision. The following steps are
done for all the cells marked for subdivision.

2) Every edge in the cell is subdivided by inserting a vertex at its
midpoint.

3) For every n-sided face in the cell,
a) A new vertex is created at its centroid.
b) The vertex at the midpoint of every edge on the face is

connected to the vertex at the centroid to form n new edges.
c) Each vertex on the face lies exactly on two edges and it forms

a four-sided face with the midpoints of those two edges and the
centroid of the face. n four-sided faces are formed.
4) For the n-faced cell with e edges and v vertices,

a) A new vertex is created at its centroid.
b) The vertex at the centroid of every face on the cell is

connected to the new vertex to form n new edges.
c) Each edge lies exactly on two faces, and the vertex at the

midpoint of the edge forms a four-sided face with the centroid of
the two faces and the centroid of the cell. e four-sided faces are
formed.

d) For each vertex, a cell is formed. New faces on the surface
containing this vertex are added to the cell. Then, all the newly
formed faces are checked. If three of the four vertices of a face (the
fourth is the centroid of the cell) are part of the formed cell, the face
is added to the cell. This creates v cells.
5) Finally, if any face contains a refined edge, that edge is re-

moved and replaced by the subdivided and newly formed edges. If
any cell contains a refined face, that face is removed and replaced by
the subdivided and newly formed faces. This updates the
connectivity of the grid.

The refinement of several element types using the face-based
strategy is shown in Fig. 3. The refinement of a standard element such
as a prism, tetrahedron, or hexahedron produces hexahedral
elements. The general elements are produced in the neighboring
elements due to the hanging nodes. The refinement of a pyramid,
actually, of any element that contains four or more edges on a vertex,
produces a combination of hexahedra and general elements.

This approach has many of the same advantages and dis-
advantages asCartesianmesh refinement. The newly created vertices
and edges can increase the size of the mesh significantly. Further,
because no smoothing or reconnection is employed, the isotropic
refinement strategy employed here tends tomaintain element quality,
either good or bad, in the sense that existing face angles are not
subdivided. Regardless, poor element quality in the unrefined mesh
is not likely to be improved by mesh refinement alone. Introduced
faces may have large (�180 deg) included face angles, however. In
fact, it is not clear as to what constitutes a high-quality general
element, as even notions of convexity are lost for nonsimplex
elements.We have previously approached element quality in terms of
the quality of the faces [31]. However, as noted by Knupp [32], the
assessment of element quality based on face quality alonemay not be
adequate.

Additionally, there are unanswered questions regarding the
accuracy of the solution in regions that contain general elements. The
resolution of these issues is an ongoing effort. We have reported

results from one such effort in a previous paper [33]. In general, we
have not noted significant artifacts near general elements except in
cases in which highly anisotropic elements were refined, for
example, isotropic refinement in a boundary layer. In these cases, we
have found that the necessary limiting reduces the order of accuracy
of the method.

V. Results

In this section, we present results from two different cases that
illustrate the feasibility and efficacy of this approach. The first case
focuses on adaptation in the region containing a wing tip vortex,
thereby improving the simulation results. The other case, a crew
return vehicle in the proximity of a rocket booster, focuses on
improved shock capturing.

A. Feature-Based Embedded Surfaces: Wing Tip Vortex

The specific configuration [34] considered here is a low-aspect-
ratio rectangular planform wing (3 ft span and 4 ft chord) with a
constant NACA 0012 section. The half-wing model is mounted in a
rectangular cross-sectional (4-ft-wide by 2.667-ft-tall) wind tunnel at
an angle of attack of 10 deg with respect to the horizontal. The wing
has a rounded tip in both the experiment and the simulation. The
reference velocity is 170 ft=s, which, at the given conditions, results
in a Reynolds number of 4:6 � 106 and a Mach number of 0.1986.
The computational domain employed in our simulation is indicated
in Fig. 4 and is significantly longer than the domain employed by
Dacles-Mariani et al. [34]. The boundary conditions used at the
inflow and exit in [34] were obtained from wind-tunnel data,
whereas, in our simulation, characteristic boundary conditions were
employed. At the inlet, the mass flow rate was specified along with
the total temperature and the pressure was allowed to float. At the
exit, a nonreflecting, inflow/outflow characteristic-based boundary
condition was employed with the exterior pressure, temperature, and
velocity specified to be the reference values. To reduce the cost of the
simulation, the tunnel’s bottom, top, and side walls are modeled as
slip walls.

The incompressible flowfield was computed using the CHEM
flow solver [35]. CHEM has formal second-order spatial and
temporal accuracy and is designed to work with meshes that contain
arbitrary elements. The Spalart–Allmaras turbulence model [36] was
employed with the modification to the production term suggested by
Dacles-Mariani et al. [34] that reduces the eddy viscosity in regions
in which the vorticity exceeds the strain rate, such as a vortex core.

For problems of this type, numerical error due to the inadequate
resolution of the vortex manifests itself as increased dissipation. The
vortex does not develop properly and dissipates in a nonphysical
manner. Thus, to simulate the vortex in an efficient manner, the nodal
density should be increased in the region near the vortex. One of the

Fig. 3 Isotropic refinement strategies for basic element types.
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complicating factors associated with this problem is the fact that the
flow near the wing tip must be adequately resolved if the vortex is to
be accurately computed downstream of the wing tip. In this case, we
have refined the mesh on the wing surface at the tip in the baseline
mesh to ensure the proper development of the wing tip vortex, as
shown in Fig. 5. We do not consider this limitation significant
because it iswell knownwhere the refinement needs to be performed.
However, it is not clear to what level the mesh needs to be refined to
adequately capture the vortical flow at the wing tip.

Figures 6a, 6c, 6e, and 6g show cross sections of the meshes
employed for the baseline computation, after one adaptation cycle,
after two adaptation cycles, and after three adaptation cycles,
respectively. The vortex extent surface extracted from each solution
is shown in Figs. 6b, 6d, 6f, and 6h. The wing surface mesh was
generated using SolidMesh [37], whereas the other boundary/
embedded surface and volume meshes were generated using the
techniques described in Sec. III. The wing surface mesh remains
fixed for each regeneration cycle. Eachmeshwas generated using the
vortex extent surface computed on the previousmesh in the sequence
as an embedded surface upon which a surface mesh was generated.
The following spacings were employed to generate the embedded
surface meshes:

1) Baseline: no embedded surface.
2) Cycle 1: mesh spacing on the embedded surface varied from

0.005 over thewing to a spacing of 0.01 at the downstream boundary.
3) Cycle 2: mesh spacing on the embedded surface varied from

0.002 over the wing to a spacing of 0.005 at the downstream
boundary.

4) Cycle 3: mesh spacing on the embedded surface varied from
0.002 over the wing to a spacing of 0.005 at the downstream
boundary and the nodal density inside of the embedded surface was
increased.

Note that, due to the poor resolution of the vortex on the coarse
baseline mesh shown in Fig. 6a, the vortex extent surface is initially
quite diffused. However, the quality of the extent surface improves
dramaticallywith increased resolution, as evident in the images of the
resulting meshes shown in Figs. 6d, 6f, and 6h. Note that, as the
resolution is improved, the volume of the vortex decreases. A

statistical description of each of the four meshes employed here is
given in Table 1. Although the number of nodes is quite large, it
should be noted that a significant region of the domain, that is, the
flowfield near the extent surface of the wing tip vortex, has been
refined (see Figs. 6b, 6d, 6f, and 6h). In this problem, the wing tip
vortex extends to the downstream boundary, which is more than 4.5
chord lengths downstream of the wing trailing edge.

Figure 7a shows a shaded surface plot of the crossflowvelocity in a
plane located at x=c� 1:462 (see Fig. 4), predicted on the mesh
designated cycle 3. In Fig. 7, all velocities and distances were
nondimensionalized by the freestream velocity and the wing chord,
respectively. Note the well-defined core and region of maximum
crossflow velocity. Figure 7b shows a comparison between the
computed and experimentally determined nondimensional circum-
ferential velocity component in a plane located at x=c� 1:462.

Fig. 4 Computational domain employed for the wing tip vortex
problem described by Dacles-Mariani et al. [34]. The inflow boundary

was located approximately 1.6 chord lengths upstream of the wing

leading edge, and the outflow boundary was located 4.5 chord lengths

downstream of the wing trailing edge. Comparisons with experimental
data aremade in the plane at x=c� 1:462, shown just downstream of the

wing trailing edge.

Fig. 5 Mesh distribution on the upper surface of the wing and near the

leading edge at the tip.

Fig. 6 Meshes and computed extent surfaces for baseline and cycles 1,

2, and 3. The vortex extent surface for the solution computed on the
baseline mesh produces only a crude representation of the vortex. As the

computations are performed, the quality of the representation of the

vortex improves dramatically.
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The computed results are plotted along rays emanating from the core
line oriented at 0, 90, 180, and 270 degwith respect to the horizontal.
There is variation in both the experimental data and predicted results
because of the asymmetry of the flow, as illustrated in Fig. 7b.
Although the peak velocities were reasonably well predicted, the
slope in the core region is significantly underpredicted. We attribute
this result to the inadequate resolution of the flow in the core reg-
ion of the vortex over the wing. Because of the interference between
the embedded mesh and the wing surface mesh, the nodal density in

the vortex core over the wing could not be increased (see Fig. 6g).
This is an inherent limitation of the current approach. We antici-
pate that increased nodal density in the vortex core in the region over
the wing will result in improved agreement with the experimental
data.

B. Feature Fitting with Mesh Refinement: Notional X-38 in
Proximity to Booster

This test case configuration consists of a booster rocket and a
notional X-38 geometry. The rocket is 2.17 times longer than the
X-38. Inviscid transonic flow simulations were performed at a
freestreamMach number of 1.2. The angle of attack is taken as 0 deg
for the following simulations. The solution was computed using the
HYB3D flow solver [38–40]. HYB3D is also designed to work with
meshes that contain arbitrary elements. Figure 8 illustrates the
adaptation process for this case.

Table 1 Statistics for wing meshes

Meshes Tetrahedra Hexahedra Prisms Pyramids Total

Baseline 5,605,165 42,262 7,092,684 18,692 12,758,803
Cycle 1 8,458,059 42,262 7,092,730 18,648 15,611,699
Cycle 2 23,496,122 42,262 7,092,730 18,648 30,639,762
Cycle 3 30,773,011 42,262 7,092,730 18,648 37,926,651

Fig. 7 Results computed using cycle 3 mesh in the plane at x=c� 1:462 (see Fig. 4).

Fig. 8 Illustration of solution adaptive meshing with embedded surfaces and refinement for the notional X-38/booster configuration.
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1) To initiate the process, a computation was performed on a
baseline all-tetrahedral mesh, shown in Fig. 8a, in which the orbiter,
booster, and symmetry plane surfaces are shaded by pressure.

2) The solution is characterized by two primary bow shocks, one
each for the booster and the orbiter, and numerous secondary shocks.
Figure 8b shows the result of applying the normalized Mach-
number-based shock detector. The two primary shocks are
represented as embedded surfaces, whereas the other shocks are
resolved with the isotropic mesh refinement.

3) The surfaces for the two primary bow shockswere extracted and
represented as cones using least-squares fitting. A triangular surface
mesh was generated on each embedded surface.

4) A volume mesh was generated with those embedded surface
meshes. Figure 8c shows a cross section of the mesh near the
symmetry plane. Prismatic layers are placed on the embedded
surfaces (referred to as mesh P0).

5) A new solution was computed on the mesh.
6) The process of extracting the bow shocks, embedding the

surface meshes, etc., was repeated and the solution was interpolated
onto the new mesh.

7) To avoid refining elements in the near field of each embedded
mesh, all nodes within a prescribed distance from the embedded
surfaces were excluded from the refinement operation. Because the
mesh in the region near an embedded surface is anisotropic, in most
cases it would not be desirable to refine these elements isotropically
because that would eliminate the benefit of employing anisotropic
elements. Figure 8d shows the mesh in the symmetry plane after one
refinement cycle (referred to as mesh P1).

8) A new solution was then computed on the refinedmesh, and the
procedure was repeated.

Figure 9 shows the mesh and the pressure on the booster, orbiter,
and symmetry plane after two mesh refinement cycles (referred to as
mesh P2). Figure 10 plots the convergence history of the L2 norm of
normalized residuals in log scale and the force coefficients in the x
(longitudinal) and y (vertical) directions for the notional X-38 model
(Fx andFy, respectively). Themain reason for the slight unsteadiness
in the solution shown in Fig. 10 is probably due to the base flow
behind the notional X-38 and the rocket booster. In Figs. 9a and 9b,
notice that both bow shocks show good resolution with the feature-
aligned embedded surfaces. Figures 9c and 9d show a well-resolved
windshield shock that is clearly captured in the mesh. A shock on the
top centerline of the orbiter that occurs just after acceleration over the
“canopy” is alsowell resolved in both themesh and the pressure plot.
The shock that occurs between the orbiter and the booster is less well
resolved, as the solution in this region of the domain appears
somewhat noisy. In Figs. 9e and 9f, there are two shocks near the aft
end of the orbiter that are well resolved. Figures 9g and 9h show a
detailed view of the aft end of the booster near the nozzle. The
expansion of the flow around the base of the booster, which is
terminated by oblique shocks, is clearly evident in both images. A
shock that is only barely evident in the flow is indicated by the
presence of a pressure rise on the base of the orbiter. Additionally,
there is a base shock present on the lower centerline of the orbiter
after the expansion. Finally, Figs. 9i and 9j show a detailed view of
the nose of the booster. In this case, the embedded surface did not
follow the bow shock well near the nose of the booster. Isotropic
refinement automatically refines the mesh in this region. However,
there is no benefit to be derived from feature/face alignment for the
isotropic refinement strategy. Additionally, there are oscillations in
the surface pressures that appear in the region just downstream of the
nose. We attribute these results to inadequate mesh resolution in this
region.We have seen similar behavior in previous computations for a
case in which coarse mesh was not aligned with the shock [33].
In a later example with better initial resolution, we will show
significantly reduced oscillations. This issue highlights one of the
problems associated with feature-based mesh adaptation, namely,
that the initial mesh must be able to at least partially resolve the
feature of interest. It also illustrates the importance of face/feature
alignment.

We now consider the issue of mesh quality in more detail.
Figure 11 shows the effect of isotropic refinement on the quality of

the mesh with the embedded, feature-oriented prismatic mesh.
Again, we use the included face angles to illustrate mesh quality. The
quality plot for the hybrid mesh with the embedded surface meshes
(P0; Fig. 8c) is shown in Fig. 11a. In this case, there are peaks near
60 deg (for the triangular faces) and 90 deg (for the quadrilateral
faces). Figure 11b shows the quality plot for the refinedmesh after the
first refinement cycle (P1; Fig. 8d). Notice that there are relative
peaks at 60, 90, and 180 deg. Figure 11c shows the quality plot for the

Fig. 9 MeshP2 and pressure field at various locations in the notional X-

38/booster configuration symmetry plane.
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refined mesh after the second refinement cycle (P2; Fig. 9). Notice
the continued growth of angles near 90 deg, which indicates
refinement of quadrilateral faces, and near 180 deg, which indicates
that the number of general elements is growing. Figure 12 shows how
the changes in included face angle are distributed for different face
types for the first refinement. As anticipated, there is a net decrease in
the number of triangular faces and the included angles for these faces
center around 60 deg. Of course, this distribution reflects the

underlying distribution of included face angles in a given mesh. We
observe that a significant number of quadrilateral elements are added
to the mesh. This occurs because of the method used to refine the
faces. The peak near 180 deg for the quadrilateral faces occurs
because of the refinement of an edge in a triangular face. The number
of general polyhedral elements that are added to themesh is relatively
small in comparison with the overall number of elements.

We also considered a case in which the regions near the embedded
surfaces were discretized using isotropic tetrahedral elements.
Meshes with tetrahedra around the embedded surfaces are referred as
T0 (without refinement),T1 (after one refinement cycle), andT2 (after
two refinement cycles). Figure 13 shows mesh T2 and pressure
distribution on the geometry and the symmetry plane after two
refinement cycles. Qualitatively, the pressure results look very
similar to those shown in Fig. 9b. The primary exception is in the two
bow shocks, for which, upon close examination, the solution on the
prismaticmesh shows slightly better resolution. This can probably be
attributed to the better face alignment in the layered prismatic mesh.
The refinedmesh looks somewhat less coherent when comparedwith
Fig. 9a. This may be attributed to improved bow shock resolution
because the quality of the feature detection is higher in the mesh with
the embedded prismatic regions. Figure 14 shows the quality of the
mesh and again shows the general trend of increasing the relative
population of the obtuse face angles. In this case, there is no initial
peak near 90 deg because the elements in the mesh before refinement
are all tetrahedra.

For comparison purposes, mesh refinement was performed on a
baseline all-tetrahedral mesh, B0, using the results of the shock
detection. In this case, no embedded surfaces were employed. The

Fig. 10 Convergence history of mesh P2 in terms of the L2 norm of

normalized residuals in log scale and the force coefficients in the x and y

directions for the notional X-38 model (Fx and Fy, respectively).

Fig. 11 Effects of isotropic refinement onmesh quality for the notional X-38/booster configuration,meshes with embedded surface (prismatic). In these

figures, face quality is measured in terms of the included angles of a face.

Fig. 12 Change in mesh quality due to one cycle of isotropic refinement for different face types, in this case, the first refinement cycle. In these figures,

face quality is measured in terms of the included angles of a face.
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pressure and refined mesh, B1, in the symmetry plane are shown in
Fig. 15.We note that the baselinemeshwas finer near the booster and
the orbiter than in the previous two cases to capture flow features
better without embedded surfaces. Figures 15a and 15b show that the
two bow shocks of interest were not as well resolved as the two
previous cases. This was expected because no attempt was made to
align faces with either shock. In addition, Figs. 15c and 15d show
that, with better resolution, the pressure oscillations on the nose of the
booster are significantly reduced. Figure 15d shows oscillations, but
they occur where the mesh is once again coarse, which supports our
assertion made regarding the oscillations observed for the coarser
mesh without feature alignment.

An element-based description of each mesh is presented in
Table 2. In general, the percentage of general elements increases as
the mesh is refined, reaching a maximum value of approximately 9%
in the cases considered here. The baseline mesh with the tetrahedral
embedded region, T0, contains approximately 62% more elements
than the baseline mesh with the prismatic embedded region,P0. This
is the advantage of using the prismatic embedded mesh. The bow
shocks are highly anisotropic features. Therefore, it is very efficient

to discretize regions containing these features using a similarly
anisotropicmesh. However, the growth in the number of elements for
the mesh with the prismatic embedded regions was larger for each
refinement cycle than for the mesh with the tetrahedral embedded
regions. This is related to the apparent improved coherence in the
aforementioned feature detection, that is, a larger region was refined
because the featuresweremore coherent. Because fewer elements are
required to obtain a solution that appears improved, at least
indirectly, the prismatic approach may be preferred. It is difficult to
draw any conclusions about the relative efficiency of the finer mesh
with no surface embedding. However, the finer initial mesh did
facilitate the prediction of better-quality surface pressures, at least in
terms of reducing the oscillations, on the nose of the booster.

Figure 16a shows the pressure coefficient (Cp) distribution of three
meshes,P2, T2, andB1, on the x axis shown in Fig. 16b. The origin is
on the nose of the notional X-38. TheCp jump in the plot is due to the
bow shock. The smooth rise after that is due to compression in the
region between the shock and the nose. The mesh with an embedded
prismatic region after two refinement cycles, P2, predicts the shock
well.

Fig. 13 Mesh T2 and pressure in configuration symmetry plane for the notional X-38/booster configuration; initial embedded mesh consists only of
tetrahedra.

Fig. 14 Effects of isotropic refinement on mesh quality for the notional X-38/booster configuration, meshes with embedded surface (tetrahedral). In

these figures, face quality is measured in terms of the included angles of a face.

Table 2 Statistics for notional X-38/booster meshes

Meshes Tetrahedra Hexahedra Prisms Pyramids General Total

Mesh with embedded prismatic region (P0) 2,808,214 2336 166,748 3269 0 2,980,567
One refinement cycle (P1) 2,001,732 2,145,677 166,592 3257 226,136 4,543,394
Two refinement cycles (P2) 1,888,467 3,649,538 164,092 3183 555,050 6,260,330

Mesh with embedded tetrahedral region (T0) 4,817,941 0 0 0 0 4,817,941
One refinement cycle (T1) 4,191,087 1,544,474 0 0 199,337 5,934,898
Two refinement cycles (T2) 4,059,574 2,824,811 0 0 488,968 7,373,353

Baseline tetrahedral mesh (B0) 5,329,333 0 0 0 0 5,329,333
One refinement cycle (B1) 4,037,631 3,265,307 0 0 397,346 7,700,284

1886 ITO ETAL.



VI. Conclusions

A solution adaptive mesh generation approach using feature-
aligned embedded surfaces was presented. This approach exploits
the capability of feature detection algorithms to geometrically
characterize certain types of features, in this case shocks and vortices,
as discrete surfaces that are used in the mesh generation process. For

features that are geometrically or topologically complex, isotropic
mesh refinement is offered as a supplemental approach. The results
presented here suggest that using an embedded feature-aligned
anisotropic mesh near these appropriate features may be an effective
strategy. This approach could be coupled with an anisotropic
refinement method [9,33] for further refinement in the embedded
regions, if needed. Issues associated with the stability and accuracy
of the flow solvers that employ meshes with general elements need
additional research to be resolved. The algorithm to extract complex
embedded surfaces needs to be further enhanced to be more effective
and robust.
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